Chapter 7

Hilbert Spaces

7.1 Basic Properties

Hilbert spaces form a special class of Banach spaces with the geometric
notion of orthogonality of vectors, or more generally, the notion of an
angle between vectors, built into them.

Consider the space R2. If z = (z1,z2) and y = (y1,y2) are vectors
in R2, then we define the scalar product of these vectors by

z.y = T1Y1 + Toy2 = |z|.|y|cos@

where |z| = ||z||2, |y| = ||y]|2 and @ is the angle between the two vectors.
The scalar product is linear in each of the two variables. It is symmetric
in these variables and z.z = ||z||3. It turns out that these properties are
crucial and we generalize these to other vector spaces.

Definition 7.1.1 Let V be a real normed linear space. An inner prod-
uct on V is a form (.,.) : V. x V — R such that
(i) it is symmetric, i.e. for allz and y € V,

(z,y) = (v,2);
(ii) 4t is bilinear: in particular, if z,y and z € V and if o and B € R,
then
(az + By, 2) = oz,z) + B(y, 2);
(ifi) for allz € V,
(z,2) = ||

Remark 7.1.1 The linearity with respect to the second variable is,
clearly, a consequence of conditions (i) and (ii) above. W
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Remark 7.1.2 In case the base field is C, then the inner product is a
sesquilinear form. If z and y € V, we have

(¥,z) = (z,9).

Thus, we have conjugate linearity with respect to the second variable,
i.e. if z,y and 2z € V and if a and G € C, then

(z,0y + B2) = a(z,y) +B(z,2). W

In view of condition (iii), we say that the norm comes from the inner
product.

Definition 7.1.2 A Hilbert space is a Banach space whose norm
comes from an inner product. B

Example 7.1.1 Consider the space R". For z = (21, *+,%,) and y =
(y1,-*,Yn), we define

(@,9) = ) _ziti

i=1
This defines an inner product and the norm associated to it is the norm

|||l2- Thus €3 is a Hilbert space. In the case of C™, the inner product is
given by

Again the norm is |.||2. B

Example 7.1.2 Consider the space £3. For z and y € £, define
o0
(z,y) = ) ziwi

where z = (z;) and y = (y;) are real sequences. Again, if the base field
is C, then we define

oo
(wly) = Zmiﬁ'
=1

This makes ¢; into a Hilbert space. B
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As we have seen in the previous chapter, these are particular cases
of the Lebesgue spaces L2.

Example 7.1.3 Let (X,S,u) be a measure space. If f and g € L?(u),
and if f and g represent these classes respectively, then

(f,g) = fxfg du

defines an inner product which makes L?(u) as a Hilbert space. Bl

Example 7.1.4 Let (a,b) C R be a finite interval. We denote by
H(a,b) the space W'2(a, b) and by H} (a,b) the space W,'*(a,b). Then
both these spaces are Hilbert spaces with the inner product given by

b
(f,g) = f (fg+ f'q) dz.

By virtue of the Poincaré inequality (cf. Theorem 6.4.6), the space
Hj(a,b) is also a Hilbert space with the inner product

b
(f,g) = f f'g dz. B
a
Let H be a Hilbert space and let z and y € H. Then
lz+yl> = @+y,z+y) = llzl® +2(=z,v) + |lyl® (7.1.1)

in the real case; if the field is C then the middle term on the right will
be replaced by 2Re(z,y), where Re z denotes the real part of a complex
number z. Writing a similar expression for ||z — y||*> and adding the two,
we get

| 1

2

~(z+y)

- 1 2 2
2 = 5 l=l* + liyll")- (7.1.2)

2 I
+ Hi(fﬂ—y)

This is known as the parallelogram identity. In case of R? = ¢2, this
is the familiar result from plane geometry which relates the sum of the
squares of the lengths of the diagonals of a parallellogram to that of the
sides. It is also known as Apollonius’ theorem.

Remark 7.1.3 A theorem of Fréchet, Jordan and von Neumann states
that a Banach space whose norm satisfies the parallelogram identity
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(7.1.2) is a Hilbert space, i.e. the norm comes from an inner product.
L]

Example 7.1.5 The space C[—1, 1] cannot be made into a Hilbert space.
To see this, consider the functions

u(z) = min{z,0}, and v(z) = z
defined on [—1,1]. Then [ju| = ||v|| = 1 while we have
1

1(u,—'u) =

= 1and 5

1
glu+ v)

and the parallelogram identity is not satisfied by this pair of functions.
|

Proposition 7.1.1 Every Hilbert space is uniformly conver and hence
, s reflexive.

Proof: The proof is of the uniform convexity follows from the par-
allelogram identity (7.1.2) exactly as described in Example 5.5.2; the
reflexivity now follows from Theorem 5.5.1. B

We now prove a fundamental ineqaulity for Hilbert spaces.

Theorem 7.1.1 (Cauchy-Schwarz Inequality) Let H be a Hilbert
space and let  and y € H. Then

9| < llll llyll- (7.1.3)

Equality occurs in this inequality if, and only if,  and y are scalar
multiples of each other.

Proof: Let § be a complex number such that |#| = 1 and 6(z,y) =
[(z,y)|- Let t € R. We have

0 |6z — ty]|?
|z||? — 2tRe(6z,y) + t2||y||?

lz)1? = 2¢|(z, »)| + ¢2[lyll>.

IhIA

Since we have a quadratic polynomial which is always of constant sign,
the roots of this polynomial must be complex. Thus, we deduce that

4z, < 4lzl?lyll?
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which yields (7.1.3).

Equality occurs in (7.1.3) if, and only if, the polynomial has two
coincident roots. Thus, there exists 3 such that 8z = typy, or, in other
words £ = ay where o = 0~ 1¢;. B

Corollary 7.1.1 Let H be a Hilbert space. Let y € H. Define

fy(m) = (:B:y)
for all z € H. Then fy, € H* and || fy| = |ly|l.

Proof: Clearly f, is a linear functional. By the Cauchy-Schwarz in-
equality, we have

[fy(@)] < llzll-llyl

which shows that f, € H* and that ||f|| < |ly||. If y # O, then set
z = y/|lyll. Then fy(x) = ||yll, which shows that ||fy|| = |ly[. B

Remark 7.1.4 We will see in the next section that all continuous linear
functionals on a Hilbert space occur in this manner. B

Corollary 7.1.2 Let H be a Hilbert space and let z, — x and y, — y
in H. Then

(mmyn) =3 (:r,y)-
Proof: Observe that

[(Zr,9n) = (@, 9)] £ |(@n,Yn — )| + |(zn — z,¥)|
< llzellllyn — yll + | fy(zn — 2)|

by the Cauchy-Schwarz inequality and the preceding corollary. Now,
since any weakly converging sequence is bounded and since y, — y, the
first term on the right-hand side tends to zero. The second term also
tends to zero by virtue of the preceding corollary, since z, — z in H. B

Remark 7.1.5 Since norm convergence implies weak convergence, it
follows a fortiori that if z, — = and y, — y in H, then (zn,¥n) —
(z,y). 1

Theorem 7.1.2 Let H be a Hilbert space and let K C H be a closed
and convez subset of H. Then, for every x € H, there exists a unique
element Pk (z) € K such that

lz — Px(z)ll = min lz —yll. (7.1.4)
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Further, if H is a real Hilbert space, then Px(x) € K is characterized
by the following relations:

(x — Px(z),y — Px(z)) < 0 (7.1.5)
for every y € K.

Proof: Since H is uniformly convex, the existence and uniqueness of
Pk (z) has been proved in Theorem 5.6.1. Let y € K. Forany 0 <t < 1,
set z = (1 — t)Pyg(z) + ty which belongs to K by convexity. Then, by
virtue of (7.1.4),

lz — Px(2)ll < llz—z2[| = l(z— Px(z)) —t(y — Px(z))|l-
Squaring both sides, we get
lz—Px(z)|* < ||z—Pk(z)||*—2t(z— Pk (x), y— Pk (z))+|ly— P (z)|>.

Cancelling the common term viz. ||z — Pk (z)||?, dividing throughout by
t and letting t — 0, we get (7.1.5).

Conversely, if Px(z) € K is an element satisfying (7.1.5), then, for
any y € K, we have

lz = Pr ()|

Iz - y) + (y — Px(2)|]?

lz —ylI* + 2(z — 4,y — Px(z)) + lly — P ()|

”w - y”i +2(z — Px(z),y — Px(z)) - lly — Px(z)|]?
x — y||*

Thus Pg(z) also satisfies (7.1.4). B

IA I

Remark 7.1.6 If H is a complex Hilbert space, then (z — Px(z),y —
Pk (z)) is replaced by its real part in (7.1.5). B

Remark 7.1.7 The element Pk (z), which is closest to z in K, is called
the projection of x onto K. In general, the mapping z — Pk(z) is not
linear. In R?, the condition (7.1.5) means that, for all y € K, the lines
joining z to Pk(z) and y to Pk (z) will always make an obtuse angle. ll

We now study some properties of the mapping Px : H — K.

Proposition 7.1.2 Let H be a Hilbert space and let K be a closed and
convex subset of H. Let Px : H — K be as defined by the preceding
theorem. Then, for all x and y € H, we have

I1Px(z) = Pk()ll < llz -yl
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Proof: Assume, for simplicity, that H is a real Hilbert space. By virtue
of (7.1.5), we have

(x — Px(z), Px(y) — Px(z)) < 0

and
(y — Pk (y), Pk (z) — Px(y)) < 0.

Adding these two inequalities, we get

(z -y, Px(y) — Px(2)) + |Px (y) — Px(2)[* < 0.

Thus,
P« (y) — Px()|I> < (y— =, Px(y) — Px(x))

and the result now follows from the Cauchy-Schwarz inequality being
applied to the term on the right-hand side. B

Corollary 7.1.3 Let M be a closed subspace of a Hilbert space H. Then
the projection Py is a continuous linear mapping. Further, for x € H,
the element Pp(z) € M is characterized by

(PM(x)ay) s (:c,y) (716)

for everyy € M.

Proof: If (7.1.6) holds, then (7.1.5) holds trivially. Conversely, if
Pp(z) € M is the projection of z onto M, then Pps(z) satisfies (7.1.5).
Let y € M. Set z = y+ Py(z) € M, since M is a subspace. Then
(7.1.5) yields

(z - Pu(z),y) < 0

for all y € M. Since we also have —y € M, we get the reverse inequality
as well and this proves (7.1.6). It now follows from (7.1.6) that Py is
a linear map and it is continuous by the preceding proposition. This
completes the proof. B

Remark 7.1.8 If M is a closed subspace of a Hilbert space H, the
vector  — Pps(z) is orthogonal to every vector in M. Thus, Py is called
the orthogonal projection of H onto M. B

Theorem 7.1.3 Let H be a Hilbert space and let M be a closed sub-
space. then M is complemented in H.
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Proof: Set
M* = {ye H| (z,y) =0 for all z € M}.

It is immediate to check that ML is a subspace. It is also closed. For,
let {yn} be a sequence in M and let y, — y in H. If z € M is arbi-
trary, then since (z,y,) = 0 for all n, we get that (z,y) = 0 as well and
so y € M* which establishes our claim. If z € H, then Py(z) € M
and ¢ — Py(z) € M+ by the preceding corollary. Thus H = M + M=,
Further, if £ € M N M+, we then have that ||z||? = (z,z) = 0 and so
M N M* = {0}. Thus H =M & M* and the proof is complete. B

Remark 7.1.9 The subspace M+ consisting of all vectors orthogonal
to all elements of M is called the orthogonal complement of M. The
notation is not accidental. We will see in the next section that (at least

in the case of real Hilbert spaces) the orthogonal complement can be
identified with the annihilator of M. B

7.2 The Dual of a Hilbert Space

Earlier, we saw that every vector in a Hilbert space gave rise to a con-
tinuous linear functional. The main result of this section is to show that
all continuous linear functionals arise in this way.

Theorem 7.2.1 (Riesz Representation Theorem) Let H be a Hilbert
space. Let ¢ € H*. Then, there exists a unique vector y € H such that

e(z) = (z,9) (7.2.1)
for all z € H. Further, ||l = ||yl

Proof: We saw that (cf. Corollary 7.1.1), given y € H, the functional
fy defined by

fy(z) = (x,9)

is in H* and that || fy|| = |ly|. Thus, the mapping ® : H — H* defined
by ®(y) = f, is an isometry of H into H* and so its image is closed in
H*. If we show that the image is dense in H*, then it will follow that
H* = ®(H), or, in other words, that ® is onto and this will complete
the proof.

Consider a linear functional ¢ on H* which vanishes on ®(H). Since
every Hilbert space is uniformly convex and hence, reflexive, this means
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that there exists z € H such that fy(z) = 0 for all y € H. This implies
that (z,y) = 0 for all y € H. In particular,

lz|?* = (z,2) = 0

which shows that z = 0, i.e. ¢ is zero. This shows that ®(H) is dense
in H* and the proof is complete. B

Remark 7.2.1 It is also possible to directly prove this theorem without
using the reflexivity of H. This will be outlined in the exercises at the
end of this chapter. B

Remark 7.2.2 Let H be a Hilbert space. Then every element of the
dual, H*, can be represented as f;, where z € H. We can then define
an inner product on H* by

(f:cs fy)t = (y, z).

It is easy to see that this defines an inner product which gives rise to
the usual norm on H*. Thus, H* also becomes a Hilbert space in its
own right. In the same way, H** also becomes a Hilbert space. Now,
we have two natural mappings from H into H**. The first is the usual
canonical imbedding z +— J(z). The second is the mapping z — fy,,
i.e. the composition of the Riesz map H — H* and that of H* — H**.
We will show that these are the same. The latter map, by the Riesz
representation theorem, is onto and so J will be onto, giving another
proof of the reflexivity of a Hilbert space, provided we prove the Riesz
representation theorem independently, as suggested in Remark 7.2.1. To
see that the maps are the same, observe that if f = f, € H*, then

fr(f) = (S = (fypfa)e = (2,9)
J@z)f) = fl@) = fillz) = (2,9)

This establishes the claim. B

Remark 7.2.3 As a consequence of the Riesz representation theorem,
the map y +— fy is an isometry of H onto H*. It is linear if H is real
and conjugate linear if H is complex. Thus, at least in the real case, we
can identify a Hilbert space with its own dual via the Riesz isometry. B

Remark 7.2.4 In the case of real Hilbert spaces, while we can identify
a Hilbert space with its dual, we have to be careful in doing so and
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we cannot do it to every space under consideration at a time. A typical
example of such a situation is the following. Let V and H be real Hilbert
spaces. Let V C H and let V be dense in H. Let us assume further that
there exists a constant C > 0 such that

lolla < Cllvllv

for every v € V.

Let us now identify H* with H via the Riesz representation theorem.
Let f € H. Then the map v — (v, f)g defines a continuous linear
functional on V since

(v, al < lallfle < Clollviifila

for all v € V. Let us denote this linear functional by T'(f). Thus
T e L(H,V*) and

NI T(H)llevey < Cllflla-

If T(f) = 0, then (v, f) = 0 for all v € V and so, by density, we have
f =0. Thus T is one-one as well. Finally, we claim that the image of T
is dense in V*. Indeed, if ¢ € V** vanishes on T'(H), then, by reflexivity,
there exists v € V such that T(f)(v) =0 for all f € H i.e. (v,f) =0
for all f € H. Since V C H, it follows that (v,v) =0, i.e. v =0, which
means that ¢ is idertically zero, which establishes the claim.

Thus we have the following scheme:

VCHH CcV*

where both the inclusions are dense. It would now be clearly absurd
for us to ident‘ify V with V* as well. Thus we cannot simultaneously
identify V' and H with their respective duals. The space H in this case
is called the pivot space and is identified with its dual, whereas the other
spaces, though they are also Hilbert spaces, will not be identified with
their respective duals. This situation typically arises when we have a
parametrized family of Hilbert spaces as in the case of the Sobolev spaces
(cf. Kesavan [3]). In particular, we can set V = Hj(a,b) (cf. Example
7.1.4) and H = L%(a,b). We identify L?(a,b) with its dual while we
denote the dual of H}(a,b) by H™'(a,b) and we have the inclusions

Hi(a,b) c L%*a,b) = (L*(a,b))* ¢ H '(a,b). B
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Let H be a Hilbert space and let A € L(H). For a fixed y € H,
the map z — (A(zx),y) clearly defines a continuous linear functional on
H and so, by the Riesz representation theorem, this functional can be
written as the inner product of z with a vector (which depends on y).
This leads us to the following definition.

Definition 7.2.1 Let H be a Hilbert space and let A € L(H). We
define the adjoint of A as the mapping A* : H — H given by

(z,A%(y)) = (Alz),) (7.2.2)
forallz and yec H. R

Remark 7.2.5 In the case of real Hilbert spaces, since H and H* can
be identified via the Riesz isometry, the map A* is just the adjoint in
the sense of Definition 4.7.2. W

The following proposition lists the propoerties of the adjoint map.

Proposition 7.2.1 Let H be a Hilbert space. Let A;, i = 1,2 and A be
continuous linear operators on H. Let o be a scalar. Then

() I14]l = 14*]);

(i) 114 4]l = [|A12;

(i) A™ = A;

(iv) (A1 + Ap)* = A} + 43;

(v) (A142)* = A3A3;

(vi) (aA)* =a@A* (to be interpreted as aA* in the real case).

Proof: By the Cauchy-Schwarz inequality, we have for any z € H,

|zl = sup |(z,y)I.
i<

It then follows that if A € L(H), then

lA = sup [|A(z)| = sup sup [(A(z),y)|-
leli<1 leli<1 <1

Then, using (7.2.2) and the Cauchy-Schwarz inequality, we get

Al = sup sup [(A(z),y)] = sup sup |(z,A(y))| < [[A7[.
lell<1 llyll<1 leli<1 <1
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Similarly,

|A*|| = sup sup |(z,A%(y))] = sup sup |(A(z),y)| < | 4].
Ivl<1 Jlzl<1 lvll<t ll=fl<1

This proves (i). Again, if z and y € H, then
((A*A(z),y)| = |(A=),A@®)| < APl llyl
from which, we deduce that
l4*A| < |4
On the other hand,
|A@)I° = (A(z),A(z)) = (A*A(z),z) < [|A*A|.|l|?
by the Cauchy-Schwarz inequality and we deduce that
1A < [A*A.

This proves (ii). The other relations follow trivially from (7.2.2). W

Remark 7.2.6 A Banach algebra, B, is said to be a *-algebra if there
exists a mapping r — z* from B into itself satisfying the properties
analogous to (iii) - (vi) of the above proposition. Such a mapping is said
to be an involution. H, in addition, properties (i) and (ii) are also true,
it is said to be a B*-algebra. Thus, if H is a Hilbert space, the L(H) is a
B*-algebra with the involution being given by the adjoint mapping. B

Definition 7.2.2 Let H be a Hilbert space and let A € L(H). A is said
to be self-adjoint if A* = A. It is said to be normal if AA* = A*A. It
ts said to be unitary if AA* = A*A = I, where I is the identity operator
on H A

Example 7.2.1 Any orthogonal projection in a Hilbert space is self-
adjoint. If P : H — M is the orthogonal projection of a Hilbert space
H onto a closed subspace M, then, for any z and y € H, we have

(P‘(.’B),y) = (:B&P(y)) = (P(.’L‘),P(y)) = (P(m),y)

by repeated application of Corollary 7.1.3. Since z and y are arbitrary
elements of H, it follows that P = P*. R
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Example 7.2.2 In £}, the operator defined by a hermetian matrix is
self-adjoint, that defined by a normal matrix is normal and that defined
by a unitary matrix (orthogonal matrix, if the base field is R) is unitary
(cf. Definition 1.1.14). B

Remark 7.2.7 If A : D(A) C H — H is a densely defined linear
transformation in a Hilbert space H, it is easy to see how to define the
adjoint A* : D(A*) C H — H. Again, we have for v € D(A) and
v € D(A*),

(A(u),v) = (u, A*(v)).

All the results of Section 4.7, in particular, Proposition 4.7.3 and The-
orem 4.7.1, are true. B

7.3 Application: Variational Inequalities

Let H be a real Hilbert space and let a(.,.) : H x H — R be a continuous
bilinear form (cf. Example 4.7.4). Let M > 0 such that

la(z,y)| < Mlz|].|lyll (7.3.1)

for all z and y € H. Assume further that a(.,.) is H-elliptic (or, coercive;
cf. Exercise 5.16). Let a > 0 such that

a(z,z) > alz|? (7.3.2)
for all z € H.

Example 7.3.1 The inner product of a real Hilbert space is a sym-
metric, continuous and coercive bilinear form. Conversely, if af(.,.) is a
symmetric, continuous and coercive bilinear form, then

(@9)e = o(,y)
defines a new inner product on H. The associated norm is
Izl = va(z,z).
Thanks to the continuity and coercivity of the bilinear form, we have

valzl| < llella < VM|z].
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Thus the two norms on H are equivalent. Il

Example 7.3.2 Let H = ¢3. Let A be an n x n matrix. If x and
y € R = £ are vectors, define

a(z,y) = y'Ax

where y’ is the transpose of the column vector y. Then a(.,.) defines
a continuous bilinear form on £7. If A is symmetric, then the bilinear
form is symmetric as well. If A is positive definite, then the bilinear
form is coercive. H

Theorem 7.3.1 (Stampacchia’s Theorem) Let H be a real Hilbert
space and let a(.,.) : H x H — R be a continuous and coercive bilinear
form on H (satisfying (7.3.1) and (7.8.2)). Let K be a closed and convex
subset of H. Let f € H. Then, there exists a unique z € K such that,
forally € K,

a,(a:, Y- :I.‘) 2 (.f: Y- .’I:). (733)

Proof: Let u € H be fixed. The map v — a(u,v) is a continuous linear
functional on H, by the continuity of the bilinear form. Thus, by the
Riesz representation theorem, there exists A(u) € H such that

(A(u),v) = a(u,v)

for all v € H. Clearly, the map u — A(u) is linear. Further, by (7.3.1)
and (7.3.2) we have

lA@)Il < Mju|| and (A(u),u) > ofjul?

for all u € H. Thus A € L(H). Now, (7.3.3) is equivalent to finding
z € K such that

(A(x),y —z) > (f,y—=x)

for all y € K. If p > 0 is any constant (to be determined suitably), this
is equivalent to finding z € K such that

(—pA(z) +pf +z—2,y—2) < 0

for all y € K. In other words (cf. Theorem 7.1.2),

z = Pg(z — pA(z) + pf) & S().
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Thus, we seek a fixed point of the mapping S : K — K. Let z; and
z2 € K. Then, by Proposition 7.1.2, we have

[S(z1) = S(z2)l| < |lz1 — z2 — p(A(z1) — Az2))]|-
Squaring both sides, we get
18(z1) — S(@2)|* < o1 — 22* - 2p(z1 — z2, A(21) — A(z2))
+02||A(z1) — A(z2)|)?
< (1-2pa+ p2M2)|a; — 2o

using (7.3.1) and (7.3.2). Now, choosing p such that
o
0 < p< ik
we have 1 — 2pa+ p?M? < 1 so that S: K — K is a contraction. Since
K is closed, by the contraction mapping theorem (cf. Theorem 2.4.1)

we deduce that there exists a unique fixed point z € K for S which
completes the proof. B

Corollary 7.3.1 (Lax-Milgram Lemma) Let H be a Hilbert space
and let a(.,.) : H x H — R be a continuous and coercive bilinear form.
Let f € H. Then, there exists a unique x € H such that

a(z,y) = (f,9)
for everyy € H.

Proof: Applying the preceding theorem with K = H, there exists a
unique z € H satisfying (7.3.3). Replacing y by y + =, we get

a(z,y) > (f,v)

for every y € H. Since —y € H as well, we also get the reverse inequal-
ity. Hence the result.

Remark 7.3.1 The Lax-Milgram lemma was already proved in Exercise
5.16. If, in addition a(.,.) is symmetric, then the preceding results have
been proved via Exercise 5.17. In that case, the solution = has a varia-
tional characterization, viz. * € K is the minimizer of the functional

J(y) = %a(y:y) - (f! y)
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over K. For this reason, (7.3.3) is called a variational inequality. In the
terminology of the calculus of variations, (7.3.3) is the equivalent of the
Euler-Lagrange condition for the minimization of a functional. In the
case of unconstrained minimization i.e. K = H, this becomes an equa-
tion instead of an inequality, as seen in the Lax-Milgram Lemma, and
corresponds to the vanishing of the ‘first variation’ of J (cf. Kesavan [4]).

Indeed, it is easy to see that J is Fréchet differentiable (cf. Exercise
2.38) and that

J'(@)(y) = a(z,y) - (f,y)

for any z and y € H. Thus (7.3.3) and the Lax-Milgram lemma are just
the results of Exercise 2.44 when a(.,.) is symmetric.

The Lax-Milgram lemma forms the basis of a wide class of numeri-
cal methods, known as finite element methods, to solve boundary value
problems for elliptic partial differential equations (cf. Kesavan [3]). B

Remark 7.3.2 In the symmetric case, as explained in Example 7.3.1,
a(.,.) defines a new inner product whose norm is equivalent to the usual
norm. Thus the dual space remains the same and so the Lax-Milgram
lemma is just a restatement of the Riesz representation theorem. W

7.4 Orthonormal Sets

As mentioned earlier, orthogonality is a very important notion special to
Hilbert spaces. In this section, we will take a closer look at this property.

Definition 7.4.1 Let H be a Hilbert space and let T be an indexing set.
A subset S = {u; € H | i € T} is said to be orthonormal if

|luill = 1 forall i€

and
(uiyuj) = 0 forall t,j€Z,15# 5 M

Remark 7.4.1 If we use the Kronecker symbol, viz. ;; which equals
unity if ¢ = j and equals zero if ¢ # j, then the above relations can be
written as

(ug,uj) = 65'

foralliand j€eZ. R
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Remark 7.4.2 An orthonormal set of vectors is automatically linearly
independent. For, if we have a linear relation of the form

n
Zaku;k = 0,
k=1

then, taking the inner product with u;; and using the orthonormality of
the vectors, we get a; =0 forany 1<j<n. R

Example 7.4.1 The sequence {e,} in 3 (cf. Example 2.3.12) forms an
orthonormal set. Similarly, the standard basis in £ (cf. Example 1.1.2)
forms an orthonormal set. @

Example 7.4.2 Consider the interval X = [0,1] endowed with the
Lebesgue measure. The corresponding space L?(u) is denoted L?(0,1)
(cf. Section 6.3). The sequence {f,} where f, is the equivalence class
represented by the function f,(t) = v/2sinnnt, forms an orthonormal
set. @

Proposition 7.4.1 (Gram-Schmidt Orthogonalization) Let H be
a Hilbert space and let {z1,---,z,} be a set of linearly independent vec-
tors in H. Then there exists an orthonormal set of vectors {e1, -+ ,en}
in H such that, for each 1 < i < n, the vector e; is a linear combination
of the vectors x1,-- -, ;.

Proof: Clearly, none of the z; can be the null vector. Define

_. 1

= mml.-

Next, consider the vector zo — (z2,e1)e;. This vector cannot vanish

since 7 and z; are linearly independent and e; is a scalar multiple of
z1. Thus, we can define

€1

es = ! [z2 — (z2,€1)e1]
It is now immediate to check that ||e;|| = ||ez|| = 1 and that (e;,e2) = 0.

Further, e is a linear combination of z; and zo, since e; is just a scalar
multiple of z.
We can now proceed inductively. Assume that we have constructed
the vectors e;,- -, e, for 1 <k <n— 1. We then define
1 k
€k+1 = 2 Tk+1 —Z(«"Jkﬂ,ei)ei .
k41 = 221 (Tr1, €)ei| =1
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It is now easy to verify that the set {e;,---,e,} verifies the conditions
mentioned in the statement of the proposition. i

In the exercises at the end of this chapter, we will see important ex-
amples of the Gram-Schmidt orthogonalization process leading to vari-
ous well known special functions of mathematical physics.

Remark 7.4.3 Consider the space R" = ¢3. For any 1 < j < n, the
sets {z1,++,z;} and {ey1,---,e;} span the same subspace. Thus, we can

write
J
z; = Er.—_,-e,-.

i=1

Let A be the matrix whose columns are the z;, and Q the matrix whose
columns are the e;. Let R be the matrix whose entries are the r;;. For
any j, we have that r;; = 0 if 7 > j. Thus, R is an upper triangular
matrix. Further, we see that

A =QR.

Since the columns of A are linearly independent, the matrix A is in-
vertible. Since the columns of Q are orthonormal, the matrix Q is
orthogonal. Thus, the Gram-Schmidt orthogonalization process proves
the following result from matrix theory: every invertible matriz can be
decomposed into the product of an orthogonal matriz and an upper tri-
angular matriz. B

Remark 7.4.4 The process of producing orthonormal vectors from lin-
early independent ones is quite useful in several contexts. For instance,
let us consider a continuous function on the interval [0,1]. We wish to
approximate it by a polynomial. Amongst several ways of doing this,
one is the least squares approzimation. We look for a polynomial p of
degree at most n such that

1 1
jo £&) = p@OF d¢ = min f0 F(8) — a()]? dt

where P, is the space of all polynomials (in one variable) of degree less
than or equal to n. In other words, we are looking for the projection of
f onto the subspace of polynomials of degree less than , or equal to, n
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in the space L?(0,1). We know that such a p exists uniquely and that
it is characterized by (cf. Corollary 7.1.3)

(p,a) = (f,q)

for all q € P,,. By linearity, it is sufficient to check the above relation
for just the basis elements of P,. The standard basis of P, consists of
the functions pg, p1, -, pn Where

Po(t) = 1and pi(t) = t*

for t € [0,1] and for all 1 < k < n. Writing
p(t) = g+ axt+ agt? + -+ + ant™,
we then derive the following linear system:
Ax .= f
where, A = (a;;) is the (n + 1) x (n + 1) matrix given by

1
s o 1
Qij = i1Pi) = i dt = — T
ij (Pj» Ps) /0 itj+1
x is the (n + 1) x 1 column vector whose components are the unknown
coefficients of p, ag, 1, -, an; f is the (n+ 1) X 1 column vector whose

i-th component is

1
fi = (fip) = /ﬂ f(®)t* dt.

Solving this linear system yields p. However, especially when n is large,
the matrix A is known to be very difficult to invert numerically; it is an
example of what is known as a highly ill-conditioned matriz, i.e. even
small errors in the data can lead to very large errors in the solution of
any linear system involving this matrix.

On the other hand, if we replace the standard basis by a basis con-
sisting of orthonormal polynomials qg,q1,:-*,qn, then we can write

n
p = Z Biq;-
=0
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Now,
n n
(Pas) = Y Bilairw) = Y _Bidii = B
and so 4
Bi = /; f(t)ai(t) dt.
Thus, without solving any linear system, we can directly compute the

least squares approximation. ll

Example 7.4.3 Let us compute some of the elements of the orthonormal
set obtained from the standard basis of the space of polynomials of
degree at most n in L?(—1,1). Recall that p;(t) = t* for 0 < i < n.

ool = ( [ lldt)% - Vi

Thus qo(t) = 1/v/2 for all t € [~1,1]. Now consider the function

1 1
q(t) = t— _\/_i ([ltdt) qo(t) = t.
Then ||g1]l2 = v2/V3. Thus,

Q) = %t

for all t € [-1,1]. Next, we consider

Then, a straight forward computation yields that [|gallz = 2v/2/3V/5.
Thus, for all t € [-1,1], we get

\/5 2
t) = —=(3t°-1).
Similarly, we can show that
\/? 3

and so on.
An easier way of computing these polynomials will be seen in the
exercises at the end of this chapter. B
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Proposition 7.4.2 Let {e;,---,e,} be a finite orthonormal set in a
Hilbert space H. Then, for any x € H,

n

i@ e < =l (7.41)

i=1
Further, z — 3 -, (z,e;)e; is orthogonal to e; for all1 < j < n.

Proof: We know that ||z — Y -, (x,e;)e;||? > 0. Expanding this, and
using the orthonormality of the set, we get (7.4.1) immediately. Further,

(m—Z(m,e,—)e,-,ej) = (m,ej)-z(:z:,e,:)égj = (x,e;)—(z,e;) = 0.
i=1

=1
This completes the proof. B

Proposition 7.4.3 Let H be a Hilbert space. Let I be an indexing set
and let {e; | i € I} be an orthonormal set in H. Let z € H. Define

S = {ieT| (z,e)#0}. (7.4.2)

Then, S is atmost countable.

Proof: Define
2
Sn = {3 €zl | I(:B,e,-)lz = @} .

By (7.4.1), it follows that S, has at most n — 1 elements for any positive
integer n. Since

it follows that S is at most countable. W

The preceding proposition helps us to define (infinite) sums over
arbitrary orthonormal sets. Let {e; | i € Z} be an orthonormal set in H
for an indexing set Z. Let z € H. We wish to define the sum

z |($>ei)|2'
i€l

Let S be the set defined by (7.4.2). If S = @), we define the above sum
to be zero. If it is a finite set, then the above sum is just the finite sum
of the corresponding non-zero terms. If it is countably infinite, then we
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choose a numbering e1, ez, +, €n, - - - for the elements in the orthonormal
set whose inner product with z is non-zero. Then we define the above

sum to be
o0
Y |(z,en)l?.
n=1

The sum is independent of the numbering chosen since this is a series
of positive terms and so any rearrangement thereof will yield the same
sum.

We are now in a position to generalize (7.4.1).

Theorem 7.4.1 (Bessel’s Inequality) Let H be a Hilbert space and
let {e; | i € I} be an orthonormal set in H, for some indering set T.

Let z € H. Then
@ e < o, (7.4.3)
i€l
Proof: Let S be defined by (7.4.2). If S is empty, there is nothing to
prove. If it is finite, the result is the same as (7.4.1), which has already
been proved. If S is countably infinite, then, since (7.4.1) establishes
the result for all partial sums, (7.4.3) follows. W

Let {e;| i € T} be an orthonormal set in a Hilbert space H. Given a
vector x € H, we now try to give a meaning to the sum

Z(:cs ei)ei

i€l

as a vector in H. Once again, let S be the set defined by (7.4.2). If it is
empty, we define the above sum to be the null vector. If it is finite, then
we define it to be the (finite) sum of the corresponding terms. Let us,
therefore, assume now that S is a countably infinite set. Let us number
the elements E = {e; | 2 € S} as {e;,€2,**,€n, --}. Define

n

By, 3 Z(m,eg)eg.

i=1
If m > n, then
m
lym —wal® = > |(z el
t=n+1

using the orthonormality of the set. But the sum on tke right-hand side
can be made arbitrarily small for large n and m since it is part of the tail
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of a convergent series (cf. (7.4.3)). Thus, the sequence {y,} is Cauchy
and hence converges to a limit, say, ¥ in H.
Assume now that the elements of the set £ above are rearranged so
that
E = {e},€5, " €n, -}
where each e is equal to a unique e;. Once again, we define
n
v = D_(a,€)e].
i=1
As before {y;,} is Cauchy and will converge to an element 3’ € H.

We claim that y = 3’ so that, whatever the manner in which we
number the elements of F, we get the same limit vector, which we will
unambiguously define as the required infinite vector sum.

Let € > 0. Choose N sufficiently large such that, for all n > N, we
have

oo
lyn —yll <& llup— v/l <eand Y |(z,e) <€
1=N+1

Fix n > N. Then we can find m > N such that
{e1,"-+,en} C {ei:"'se:n}'

Then, the difference y/,, — y» will consist of a finite number of terms of
the form (z,e;)e; where all the 7 concerned are greater than n(> N).
Hence, it follows that

oo
I —wal® < ) I(me)? < €%
i=N+1

Thus,
ly =¥l < v —=yall + llyn — Yl + llym = ¥l < 3e

which proves that y = 3 since £ > 0 can be chosen arbitrarily small.
To sum up, we choose an arbitrary numbering of £ and write £ =
{e1,e2, - ,€pn,---} and define

Y (ze)e = Jim Y (z,€))e;.

i€l j=1

The following result is now an immediate consequence of this defini-
tion and of Proposition 7.4.2.
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Proposition 7.4.4 Let H be a Hilbert space and let {e; | i € Z} be an
orthonormal set in H. let x € H. Then

z — Z(m,eg)e‘g

€T
is orthogonal to everye;, j€Z. M

Definition 7.4.2 An orthonormal set in a Hilbert space is said to be
complete if it is mazimal with respect to the partial ordering on or-
thonormal sets induced by set inclusion. A complete orthonormal set is
also called an orthonormal basis. B

Proposition 7.4.5 Every Hilbert space admits an orthonormal basis.

Proof: Given any chain (with respect to the partial ordering induced
by set inclusion on orthonormal sets), the union of its members gives
an upper bound. Hence, by Zorn’s lemma, there exists a maximal or-
thonormal set. B

Theorem 7.4.2 Let H be a Hilbert space and let {e; | i € I} be an
orthonormal set in H. The following are equivalent:

(i) The orthonormal set is complete.

(ii) If z € H 18 such that (z,e;) =0 for all i € Z, then z = 0.

(iii) If z € H, then

z =) (z,6)ei (7.4.4)
i€l
(iv) Ifz € H, then
Izl = Y Iz, e)l? (7.4.5)
i€l

(This is known as Parseval’s identity.)

Proof: (i) = (ii). Assume that the orthonormal set is complete and
that (z,e;) = 0 for all ¢ € Z. If z # 0, then the set

{e,-|?‘,EI}U{”—xl—ﬂx}

is also an orthonormal set strictly larger than the given set which con-
tradicts the maximality of the given set.
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(i1) = (iii). We know that = — ), 7(z,e;)e; is orthogonal to every
ej, j € Z. This immediately gives (7.4.4).

(iii) = (iv). Set yn = Y 1, (z,€;)e; where {e1,e2, -+ ,en---} is a num-
bering of the elements of the set E explained earlier when defining the
sum ) ..7(z,e;)e;. Then a straight forward computation yields

n
lall® = 3 I(=,e)l”
i=1
This immediately yields (7.4.5) on passing to the limit as n — oo.

(iv) = (i). If the given set were not complete, then there exists e € H
such that |le]| = 1 and (e,e;) = 0 for every ¢ € Z. But then, this will
contradict (7.4.5) (applied to the vector e¢). B

Corollary 7.4.1 Let H be a Hilbert space and let {e; | i € I} be an
orthonormal set. It is complete if, and only if, the subspace of all (finite)
linear combinations of the e; is dense in H.

Proof: If the orthonormal set is complete, then by the preceding theo-
rem, every element of H is the limit of finite linear combinations of the
e; by (7.4.4) and so the subspace spanned by the e; is dense in H.

Conversely, if the subspace spanned by the e; is dense in H, then if
x € H is such that it is orthogonal to all the elements of this subspace,
then z = 0. In particular, if (z,e;) = 0 for all ¢ € Z, then, clearly, =
is orthogonal to the subspace spanned by the e; and so it must vanish.
Thus, statement (ii) of the preceding theorem is satisfied and so the
orthonormal set is complete. B

Corollary 7.4.2 Let H be a Hilbert space and let {e;, ez, - ,en -} be
a sequence in H which is also an orthonormal basis for H. Thene, — 0.

Proof: Let x € H. Then, by (7.4.5), it follows that (z,e,) — 0 as
n — oo. Then, by the Riesz representation theorem, it follows that
e, — 0.0

Remark 7.4.5 Notice that if {e,} is an orthonormal sequence which is
also complete in a Hilbert space H, then it weakly converges to the null
vector while it does not have a norm convergent subsequence, since

len —emll = V2
foralln#m. R
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Theorem 7.4.3 A Hilbert space has a countable orthonormal basis if,
and only if, it is separable.

Proof: For simplicity, assume that the space is a real Hilbert space. If
the space has a countable orthonormal basis {e,}, then the set of all
finite linear combinations of the {e,} is dense in H, by (7.4.4). The
set of all finite linear combinations of the {e,} with rational coefficients
then forms a countable dense subset.

Conversely, assume that the space is separable. Let {z,} be a count-
able dense subset. Consider the balls B, = B(z,;v2/4). If {e; | i € T}
is an orthonormal set, then, since |le; —e;|| = v/2 for i # j, it follows that
each ball can contain at most one element from the orthonormal basis.
But the set {r,} being dense, each ball B(e;;/2/4) must contain some
Zn, Or, in other words, each e; must lie in one of the balls B,,. Thus, the
orthonormal set can be at most countable. Thus an orthonormal basis
can also only be at most countable.

Example 7.4.4 By virtue of (7.4.5), the orthonormal sets in ¢ and ¢3
described in Example 7.4.1 are orthonormal bases of those spaces. B

Example 7.4.5 (Fourier series) Consider the space L?(—m, 7). The
set

{fo} U {fn,gn | n € N}

where

1 cosnt sinnt

folt) = T falt) = —‘/-7;—and gn(t) = T

for t € (—=, 7), forms an orthonormal set. By Theorem 6.3.1, the space
of continuous functions with compact support contained in (—m, =) is
dense in L?(—m, 7). Such functions vanish at the end points of the in-
terval [—m, 7] and so they are 2m-periodic on the interval [—m,7]. Con-
sider the space spanned by the orthonormal set mentioned above. By
an application of the Stone-Weierstrass theorem (cf. Rudin [6}), it fol-
lows that this space is dense in the space of all 2r-periodic continuous
functions with respect to the sup norm, which is nothing but the norm
[|-llo. Since the interval (—m,7) has finite measure, this implies that
this space is dense with respect to the norm ||.||2 as well (cf. Proposition
6.1.3). This shows that the space spanned by this orthonormal set is
dense in L?(—m,m) as well and so, by Corollary 7.4.1, it follows that it
is a complete orthonormal set in L?(—, 7).
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Thus if f € L?(—n, ), we have that

10 = (I fO) e dt) A=+ T2, (J7, F(6)2828 dt) ot
+ 32 (U7, (et at) sisat

by virtue of (7.4.4). This can be rewritten as

i(@t) = %‘3 - Z(ancosnt + by sinnt)

n=1

where
1 m
ag = ;./;wf(t)dt

and
1 ™ 1 [7
ap = —f f(t)cosnt dt, b, = = | f(t)sinnt dt.
) _r o .
This is nothing but the classical Fourier series of a function f and the
an, n > 0 and b,, n > 1 are the usual Fourier coefficients of f. The
above series expansion means that the partial sums of the Fourier series

converge to f in the ||.||2 norm. In other words if

N
_ s
In(t) = -+ E (an cosnt + b, sinnt),

n=1

for t € (—m,m), then

/ " in() - FOR dt -0

as N — oo. The analogue of the Parseval identity (7.4.5) reads as
follows:

1 [T a2 =
= [ 17OF &t = 2+ Y (onl? + tal?). m
. A . 2 et
Example 7.4.6 (Fourier sine series) Consider the space L?(0, ).

Consider the set
{wgsinnt | ne N} .
T

This is an orthonormal set in L?(0,7) as one can easily verify. Let
f € L%(0, ) be orthogonal to every element of this set. Extend f as an
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odd function to all the interval (—m, 7). Thus, we set f(x) = —f(—=z) if
z € [—=,0). Since f is an odd function, it follows that

fr f@ydt = [ ft)cosmtdt = 0

for all n € N. Since we also have that

™

f(t)sinnt dt = Q/Trf(t)sinnt =0
0

=

for all n € N, it follows that f = 0 in L?(—,7) and so f = 0 in L2(0, )
as well. Thus, by Theorem 7.4.2 (ii), it follows that the given set is
complete in L%(0,7). In particular, if f € L?(0,7), we can write the
series expansion

ft) = Zbﬂsinnt
n=1

where

bn = %/:f(t)sinnt dt.

This is called the Fourier sine series of the function f. B

By analogy, if H is a separable Hilbert space with an orthonormal
basis {e, | n € N} and if z € H, we call

o0
z = ) (,en)en
n=1

as its Fourier expansion and the coefficients (z,e,) are called its Fourier
coefficients.

Remark 7.4.6 Let V be a Banach space and let {e,} be a sequence of
vectors in V' such that every vector z € V can be written as

o N
z = Zan(x)en = nganan(:c)eﬂ.
n=1 n=1

Then {e,} is called a Schauder basis for V. Thus, in every separable
Hilbert space, an orthonormal basis forms a Schauder basis. The set
{er} in £, (cf. Example 3.1.1) is a Schauder basis for £, for 1 < p < oo.
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In the literature, a usual basis of the vector space, i.e. a set of
linearly independent elements such that every vector is a finite linear
combination of vectors from the set, is called a Hamel basis. Notice
that, by Baire’s theorem (cf. Exercise 4.1), a Banach space cannot have
a countable Hamel basis, while it may have a (countable) Schauder ba-
sis. B

In the next chapter we will see how orthonormal bases occur very
naturally in Hilbert spaces.

7.5 Exercises

7.1 Let V be a real Banach space and assume that the parallelogram
identity holds in V. Define

1
(w,v) = Z(llu+ ol = flu = v|?).

Show that this defines an inner product which induces the given norm
and hence that V is a Hilbert space.

7.2 Let V be a complex Banach space and assume that the parallelogram
identity holds in V. Define

1 . .
(w,v) = Zlllu+ ol = flu — ol + illu + dv]? — dllu —iv||?].

Show that this defines an inner product which induces the given norm
and hence that V is a Hilbert space.

7.3 Let H be a Hilbert space and let M be a closed subspace of H. Let
P : H — M be the orthogonal projection of H onto M. Show that
Il Pl| = 1.

7.4 Let H = ¢3. Let J be the n X n matrix all of whose entries are equal
to 1/n. Show that

Iz = T=Jl2n = 1

where I is the n X n identity matrix.
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7.5(a) Let H be a Hilbert space and let ¢ be a non-zero continuous linear
functional on H. Let M = Ker(y). Show that M has codimension one.
(b) Let g € M be a unit vector such that any y € H can be written as

y=2Ag+z

where z € M. Define z = ¢(g)g. Show that z is such that

v(y) = (v,2)

for all y € H. (This gives a direct proof of the Riesz representation
theorem.)

7.6 Let H be a Hilbert space and let U : H — H be a unitary operator.
Show that U is an isometry, i.e. |[Uz| = ||z|| for all z € H.

7.7 Let H be a real Hilbert space and let a(.,.) : H x H — R be a
continuous and H-elliptic bilinear form (cf. Section 7.3) with constants
M > 0 (for continuity) and a > 0 (for ellipticity). Let f € H.

(a) Let W C H be a closed subspace. Show that there exists a unique
w € W such that

a(w,v) = (f,v) (7.5.1)
for all v e W.
(b) Show that, if w € W is as above, then

1
< =|fll.
|lw|| < a||f||
(c) Let u € H be the unique vector such that

a(u,v) = (f,v)

for all v € H. Show that

M
Jlu—w|| < — inf |lu—ov.
a veW

(d) Let H be separable and let {u,}3%; be an orthonormal basis for
H. Let W, = span{uj,--+,un}. Let w, be the solution of (7.5.1) when
W = W,. Show that w, — u as n — oo.
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7.8 Consider the space L2(0,1). Define r(t) = 1 and

2“
ra(t) = Z(—l)"lx{.-_;é,z%](t)

where xg denotes the characteristic function of a set F.
(a) Show that

ra(t) = sgn(sin2"nt), 0<t<1

where sgn(t) equals 1 when £ > 0 and equals —1 when t < 0.
(b) Show that {r,(t)}, is orthonormal in L2(0,1) but that it is not
complete.

7.9 Let (a,b) C R be a finite interval and let {¢,, }nen be an orthonormal
basis for L%(a,b). Define

D;i(t,s) = ¢i(t)p;(s)

for (t,s) € (a,b) x (a,b). Show that {®;;}; j)enxn forms an orthonormal
basis for L2((a,b) x (a,b)).

7.10 Show that the sets

{—\-/I—E}U{\/goosnt!nelﬂ}

is a complete orthonormal set in L2(0, 7). (Thus, a function in L2(0,7)
can be expanded as a series of cosines and this is called its Fourier cosine
series.)

7.11 Consider L?(—1,1) and the linearly independent set of functions
pn Where p,(t) = t". Applying the Gram-Schmidt orthogonalization
procedure, we obtain an orthonormal sequence {q,} of polynomials (cf.

Example 7.4.3).
2
Fp(t) = \ m‘h(t)-

(a) Define
These are the Legendre polynomials. Show that P,(t) consists only of
even powers of ¢ when n is even, and of only odd powers of ¢, when n is
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odd.
(b) Show that Py(t) =1, P;i(t) =t and that, for n > 1,

(n+ 1)Prta(t) = (2n+ 1)tPa(t) — nPa-a(t)

for t € (-1, 1], given that P,(1) =1 for all n > 0.
(This gives a simple recursive formula to compute the Legendre polyno-
mials.) (c) Prove Rodrigues’ Formula:

1 4,
gt ~

Pn(t) =

7.12 (a) Consider the space

= {f :R->R| f_c;:e:‘”“’llf(ﬂ:)l2 d$<°°}

and let H be the space of all equivalence classes (with respect to equality
almost everywhere) of functions in H. Define the inner-product

60 = 7= [ e f(@ola) da.

Show that H is a Hilbert space.

(b) Show that if f,(z) = z™, then f, belongs to H for every n € {0} UN.
(c) Apply the Gram-Schmidt process to the linearly independent set
{f.} to obtain an orthonormal set h,,. Define

Hp(z) = V2'nlhn(z).

These are the Hermite polynomials. Compute Hy and H;.
(d) Prove Rodrigues’ Formula:

H,(z) = (-1)"" "‘L‘"—e -,

7.13 Let f,g € L?(—7, ) and let their Fourier series be given by

ft) = “—Q+2 ~1(@n cosnt + by, sinnt)
g(t) = 2L+ 32, (cncosnt+ dysinnt).

Show that

- / " f0at) dt = = 5" (antn + bode).
—1r n=1
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7.14 Compute the Fourier series of the function:

-1 -w<t<0
@) ‘{ 1 0<t<m.

7.15 Compute the Fourier cosine series of the function f(t) = sint on
[0, 7].

7.16 (a) Compute the Fourier sine series and the Fourier cosine series
of the function f(t) =t on [0, 7].

(b) Evaluate:
= 1 — 1
D 5 oand ) —
n=1 n=1

using Parseval’s identity.
7.17 (a) Let f € L2(—m, 7). Let its Fourier series be given by

oo
f@) = %+Z(ancosnt+bnsinnt).

n=1

Extend the function f to all of R by periodicity, i.e. such that f(t+2n) =
f(t) for all t € R. Define

F(t) = fo t (f(s)—%) ds.

Show that F' : R — R is also 2w-periodic.
(b) Show that its Fourier series is given by

= bn — an . b
F(t) = Z—+Z —sinnt — — cosnt | .
n=1 B n=1 " "

(c) Show that the above series converges to F uniformly on R.

7.18 Let f € H}(—m,m). Show that if its Fourier series expansion is
given by

fit) = %+Z(ancosnt+bnsinnt),

n=1

then the Fourier series expansion of f’ is given by

fit) = i(nbﬂcosnt — nay sinnt).

n=1
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7.19 Let H be a Hilbert space and let A : D(A) C H — H be a linear
operator. We say that it is dissipative if (A(u),u) < 0 for all u € D(A).
We say that it is mazimal dissipative if, in addition R(I — A) = H,
where I denotes the identity operator on H. Let A be the infinitesimal
generator of a cy-semigroup of contractions (cf. Exercises 4.4, 4.13 and
4.19) on H. Show that it is maximal dissipative.

7.20 Let H be a Hilbert space and let A : D(A) C H — H be a maximal
dissipative operator. Show that if B : D(B) C H — H is dissipative
and is an extension of A, i.e. D(A) C D(B) and B|p4) = A, then
D(B) = D(A). (This justifies the adjective ‘maximal’).

7.21 Let H be a Hilbert space and let A : D(A) C H — H be a maximal
dissipative operator. Show that it is closed and densely defined.

7.22 (a) Let H be a Hilbert space and let A: D(A) C H — H be a
dissipative operator. Let A > 0. If R(AI —A) = H, show that (A\]—A4)~!
exists in £(H) and that

1

3

(b) If A is a dissipative operator and if R(Aol —A) = H for some A9 > 0,
show that R(A — A) = H for all 0 < X < 2).

(c) Deduce that if A is a maximal dissipative operator, then R(AI—A) =
H for all A > 0.

I(A = A)7H <

Remark 7.5.1 Comparing the results of the above exercises with the
comments made in Remark 4.8.1, we deduce that an operator A : D(A) C
H — H will be the infinitesimal generator of a cp-semigroup of contrac-
tions if, and only if, it is maximal dissipative. Unlike Banach spaces,
where the Hille-Yosida theorem involves verification of infinitely many
conditions, one for each A > 0, this is much easier to verify in Hilbert
spaces. The dissipativity is usually very easy to check. Further, it
is enough to verify that the equation (A — A)z = f has a solution
z € D(A) for every f € H just for one fixed A > 0.

7.23 Let H;, i = 1,2,3 be Hilbert spaces with norms ||.|;, ¢ = 1,2,3
respectively. Let T : D(T) C Hy — Hz and S : D(S) C Ha — H3 be
closed and densely defined linear transformations. Assume that R(T") C
N(S). Assume further, that there exists a constant C > 0 such that,
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for all z € D(S) N D(T™*), we have
IT*2(f + 1Szllf > Clizli3-

(a) Let Hy=N (S) and let T* denote the adjoint of T : D(T) C Hy —
Hj. Show that T™ has closed range.
(b) If P : H, — N(S) is the orthogonal projection, show that

T*(x) = T*(Pz)

for all z € D(T™).
(c) Deduce that T has closed range.
(d) Show that R(T) = N(S).

7.24 Let H be a Hilbert space and let GL(H) be the set of all invertible
continuous linear operators on H. Then GL(H) is a group with respect
to the binary operation defined via composition of operators. Consider
the unit circle S c R? with its usual topology inherited from R2. Repre-
senting a point g € S! as (cos 8, sin#) where 6 € [0, 27), we have that S*
is a group under the operation defined via (6;,602) — (6; + 02)mod(27).
A representation of S! is a group homomorphism 7 : §! — GL(H)
which is also continuous. For simplicity, we will denote the image of
g = (cos 8,sin @) by 7(6).

(a) Show that every representation is uniformly bounded, i.e. there
exists a constant C' > 0 such that

Ix@)l < C

for all 6 € [0, 27).
(b) Define

2
o = ~21; fo (#(2r — 0)(w), 7(2m — 6)(v)) db.

Show that < .,. > defines a new inner product on H whose induced
norm is equivalent to the original norm on H.

(c) With respect to the inner-product < .,. > on H, show that 7(0)
is a unitary operator on H for every € € [0,27). (We say that every
representation of S! is equivalent to a unitary representation.)

7.25 Let V = £} and let {A,} be a sequence of N x N matrices such
that A, = A} for each n. Assume further that, for each v € V, we have
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that the sequence {(A,v,Vv)} decreases to zero as n — oo. Show that
there exists a matrix A = A* such that (Av,v) > 0 for all v € V and
such that A, — A in L(V).



